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Abstract.Complementto our mathematicaldescriptionofBecchi-Rouet-Storarela-
tionsandanomaliesofgaugefields(Cf. paperwith thesametitle, part I). Wetreat
the casewherethestructuregroup is givenas a groupof matrices,andprovidean
alternativedescriptionof the cohomologygoverninganomaliesin termsof equiva-
riant differentialformson thegaugegroup.

INTRODUCTION

In a previouspaper[1] we describedin detail a differential-geometricsettingfor
BRStransformationsand anomaliesconsideredas items of the generaltheoryof
smoothprincipal bundles— henceworking in the contextof anarbitrarysmooth

principal bundle P :P-÷Mwhose structure group G is a general Lie group.
Moreover,we constructedthe cohomology relevant to anomaliesas that of the

Lie algebra.~fof the gaugegroup~ with coefficientsL — valuedsmoothdifferen-

tial forms on F, L the Lie algebraof G. We now return to the subject,in order
to discusstwo additionalaspectsabsentfrom [1].

First, we specializeto the (usual) caseof a linear structural group G (i.e. G

and L are assumedto be subsetsof the set M~of v x v complexmatrices):one
thennaturally works with theMo-valuedde Rhamcomplexof F-computationally

moreconvenientandcloserto the formalism usedby physicists(1).

Key-Words:Anomely,gaugefields, Chevellycohomology,LieAlgebres.
7980MathematicsSubjectClassification:53 0 05, 81 El 0.

(1) Of e.g. [2].
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As a secondpoint we rephrasethe cohomologyof~°withvaluesin Ad-equi-
variant differential forms on P (carrying the pull-back representationp of ~)
in termsof smoothp-equivariantdifferential forms on

The ensuingreformulationof the structuredescribedin [1] comesagainnearer
the habitsof physicists[2], anddisplaystherelationshipbetweenthe cohomology

operatorsand theexteriorderivativeof ~.

This paperis written soas to be readableindependentlyof our previousexposi-
tion [1] (to which we referonly for details of proofs). In particularwe rederive

from scratchtheBRS relationswithin the presentformalism.

1. THE PRINCIPALBUNDLE F = (P -~ M, G)

Our basic object is a smooth principal bundle P= (P -+ M, G), with total
spaceF, baseM, projection ir, and structuralgroup G. G is assumedto be a

subgroupof the group of invertibles in the set M~of complex i.’ x v matrices.
This allows to considerG and its Lie-algebra L as embeddedin M~,with the
productof s,s’e G, resp.theLie bracketof u,u’ E L obtainedasss’,resp.uu’ — u’u,

wherethe productsare performedin M~We set

(1.1) ads(m)=sms
1, mEM~,, 5EG,

andcall a map p : P -+ M~ad-equivariantwheneveronehas

(1.2) (zs)=s’~p(z)s, zEP, sEG.

The gaugegroup ~, and its Lie algebra.&f’~ then consistof thesmoothad-equiva-

nant functionsg :P-÷G, resp.~2:P-* L, wheregE ~ actsonPas zEP-~gz E P,

with

(1.3) gz=zg(z), ZEP

and with the properties (gg’)(z) =g(z)g’(z); g~1(z)=g(z)1 [~, ~‘](z) =

[&2(z), ~7’(z)]; and e~(z)= en(~g,g’ E~, fZ, ~.l’~ zE P.

2. THE M -VALUED DE RHAM COMPLEX OF P

We denoteby AP(P, C), resp. AP(F,M) the setsof smoothp-formson P with
complexvalues,resp.values in thecomplexv x v matrices:we thushave

(2.1) AP(P,M~)= M~®AP(P, C)
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with theidentification:

m E

(2.2) (m ® a)(~ , ~,)= a(~ ~)m, ~ E AP(P, C),

1=1 p

(X(P) denotes the set of smoothvector fields on F). The complex-valuedde
RhamcomplexofF is the direct sum

(2.3) A*(P, C) = ~ AP(P, C)

equippedwith the exterior differential d. The Mu-valuedde Rhamcomplexof
P is

(2.4) A*(P,M )= eAP(P,M)=M ®A*(P,C)p p

with thedifferential

(2.5) d=idMød.

The groupsG, resp.~ acton A*(P, C) by pull back,resp.pull backof theinverse:

for c~E A”(P, C), z E F, Z~E ~ weset

(2.6) (r(s)a)(z,Z~)=a(zs,Z
1s), sEG

(2.7) (p(g)cr)(z, Z.) = ~(g’z,g’Z1), . ge~#

where Z, -÷ Z~sand Z1 -~ g~Z~denotethe tangentmapsat z of the mapsz -+ zs,

resp.z-9-g’z.
Theseactionsare extendedto A*(P, M~)as

(2.8) r(s) = ads®r(s), SE G

(2.9) p(g) = idM ~ g E G

p denotingalso thecorrespondingaction of2’~

(2.10) p(~2)= (d/dt)~~0p(ent), ~~E2’

By combining the wedge product A of A*(P, M~)with the matrix product of
M~,resp.its matrix commutatorLI, we defineproductsA, resp. [A], on A*(P, Ma):

form, m’ EM, c~,c~’E A*(P, C):

(2.11) (m®a) A(m’ ® a’) = (mm) ®(a Aa’)

(2.12) [m ®aAm’ ®a’]= [m, m~]®(aAa’)
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or alternatively,forp E AP(P,Mr), p’ E A*(P, Mr), ~ E X(P):

(2.lla) (pAp’)(~1, ~p+q)

11
= —- ~- ~ ~ . , ~0~)M’(~01~+ir...,

aEzp+q

(2.12a) [j.z AM’](~ ,

1 1
= — -- ~ x(°)[~(~ , ~ ~ ~ ‘ ~csIp+q))]•

oEE~+~

We denoteby A*(P, M) the set of ad-equivarianrMr-valued differential forms

on P(= fixpoints of theaction r):

(2.13) A*(P,M~)=~AP(P,M)

(2.14) A~’(P,M)rzr{I.LEA”(P,M,); r(s),.L=MforallsEG}.

Theforegoingdefinitionsnow entail the following structure:
For a p-form ~t and a q-form v, both ,.L/\v and [pAy] are (p +q)-forms

dependinglinearly on p andv.

The productA is associative:for ~.t,v, a E A*(P, Mr):

(2.15) pA(vAa)=(pAv)Aa,

whilst the product [A] hasthe gradedLie algebraproperties:for p, v, a E A*(P,
M~)of degreesp, q, resp.r:

[vAp]=—(— l)P~[pAy]

(2.16)

(— 1)Pr[PA[pAa]+(_ l)~P[y~[a~p]+(_l)t~[aA[pAv]]=O

The linear operatord on A*(P, M) is of gradeone,of squarezero,anda graded

derivationw.r.t. both A and [A]:

(2.17) dAP(P,M)cAP~’(P,M)

(2.18) d
2=0

(2.19) d{p A ~.‘}= dp A p + ( 1)Pp A dv p E A~(P,M)

(2.20) d[p A v] = [dp Api + (~i)P[p A dv] p E A*(P, M)

Both productsA and [A] commute with all r(s), sE G, and p(g), g E G: for

p, V E A*(P, M~)
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(2.21) r(s){p A v} = r(s) pA r(s)v

(2.22) r(s)[p Av] = [r(s)u A r(s)v]

(2.23) p(g){pAv}= p(g)pAp(g)v

(2.24) p(g)[p Av] = [p(g)pAp(g)v].

Accordingly p(fl), ~7EL, is a zero-gradederivation for both A and [A]: for
p, vE A*(P, M~)

(2.25) p(&Z){pAv}=p(&Z)pAv+p/\p(~Z)v

(2.26) p(~2)[pA v] = Ep(~2)pAy] + [pA p(f2)v].

Onehasfurthermorethe commutationproperties

(2.27) r(s)d = dr(s), SE G

(2.28) p(g)d = dr(g), gE~#

(2.29) r(s)p(g)=p(g)r(s), SEG, ~

Wesubsumeas follows the foregoingproperties:

(A*(P, Mr), d, A) is a associativeGDA (2); and r, resp. p, aremutually commuting

representationsof the groups G, resp.~, by zero-gradeautomorph.ismsof this
GDA

(A*(P, M), d, [A]) is a DGL (3), with r resp. p, mutually commutingrepresenta-

tions of the groupsG, resp.(5, by zero-gradeautomorphismsof thisDGL.
As a consequencewehavethat

(A*(P, M), ci, A) is a sub-GDA of (A*(P, Mr), d, A); (A*(P, Mr), d, [A] is a

sub-DGLof (A*(P, Mu), d, [A]), with sub~DGL(A*(P, L), d, [A].
Moreover, both A*(P, M~)and A*(P, L) are stable under the representation

p of(5.

For the proof of theseclassicalresults we referto, e.g. [1] [A*(P, M), d, A]
is in fact the skew product of the GDAs (Mn, 0, .) and(A*(P, C), d, A) cf. [1],
AppendixA. The proofs in section 1 of [1] relativeto (A*(P, L), d, [A]) transcri-
beverbatimto (A*(P, Mr), d, [A]).

(2) Gradeddifferentialalgebracf. eg. [1] AppendixA.

(3) DifferentialgradedLiealgebracf. [1] AppendixA.
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Notethat:

(i) The product [A] is obtainedas a gradedcommutatorw.r.t. the productA:
p E AP(P, M~)

(2.30) [pAv]=pAp_(_l)P~p~p,

P E A~(P,M~)

as immediatelyfollows from (2.11),(2.12).Further:

(ii) The gaugegroup (5,its Lie algebra2~and the tangentspace77,g E (5, are

all embedded in A°(P,M~): (5 as subgroupof its group of invertibles; L as

(A°(P,L), [A]); and77 asg.~’= gA°(P,L).

On the other hand,. the set A of connectionsone-formsof P is a convexsubset

of A’(P, M).

For further reference, we note that

(iii) Thegauge-group(5 actsasfollows on2’andon A: wehave(4)

(2.31) p(g)~=gA~Ag~, gE(5,f~E~~

and

p(g)a=gAaAg1—dgAg1

(2.32)

p(g~)a= g~1AaAg +g~A dg.

3. COHOMOLOGY OF.~WffHVALUES IN A*(P, M)

We denoteby ~ the set of alternatea-linear forms on £f’ with values in

AP(P,M) (5):

(4) It is customaryto omit the productsigns A in the r.h.s.of theseformulae (thewedge
productsmerge into ordinary productssincegEA°(P,M,)).Note thatonehasdg~’= - g1
A dg Ag’.

(5) C ~(M) denotes the algebra of complex smooth functions on M, isomophicto the
algebraof fixpoints of A°(F,C) under r. Note that .~, AP(F,M) andAP(P,M~)aremodules
overC~(M)(in fact 2’is aLie-algebraoverC°~(M)).
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(3.1) = A~($~A~(P,M))= A”(P, M~)®c1°

where 4~= A0(2, C~(M))and the second equality (6) correspondsto the

identification
1.1 E A~(P,M~)

(3.2) (p ® ~p)(~
2 , ~) = p(f2

1 1Z)p, ~pE 4~

\ f~1,.~

and thetensorproductis optionally w.r.t.-C~(M)or to C.

Wewrite

= e1 p+~=~ 1

(3.3) /Ap*=EBIApCS ~7~*o~ft~pa1 1 p
1

th** = ~ g~pa *ft~ = ~ fl//v1 1 1 ,,

We now equip the spacell~j”= *th
1 (the two symbols distinguishingbetween

the <<double grading)> (p, a) and the <<total grading>> n) (7) with the operators

d, ö, s, L~,r(s), p(g) definedas follows (8).

(3.4) (dUj(~20,.., ~Z~)= d{U(~Z0,. . . ,

(~U)(~0 f2~,)= (— 1)
1p(~2~) U(~2

0,. . - ,~‘ - - -

(3.5) .

+ E ( l)’~U([~1, ~ ~ - - ‘ . . ,
0~i<j~.cs

UEA~,~~Z0 ~Z~E.~‘

(3.6) sU=—(—1~’~U, UEI7S.ç*

(3.7)

(3.8) r(s) = r(s) 0 ~ SE G,

(39) p(g)=p(g)®id,1,~, gE(5

(6) With appropriatecompletionof the tensorproduct - We could also require locality as
in[l] (3.5).

(7) p is calledtheorderofform, a theghostnumber,n the totalgrade.

(8) ~* = 4° In (3.5) thecaret indicatesomission.Thereshouldbenoconfusionbetween

theoperatorss andelementssE G.
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Moreover,we equip *A1 with the products/Aresp. [IA]definedas follows: for (9)

p E A*(P, Mr), p’ E A~(P,M), ~pE 4~,p’ E ~

(3.10) ~

(3.11) [pop/A p’®p’]=(— l)~~[pAp’]0(pAp’)

or alternatively,for UE A?~,VE A~andf~,..,

(3A0a) (UA VX&21,..., ~÷~) = (~1)aq ~ x(a)
a. (3.

U(~201 ~Z~) A V(~Z1+ ~ +

(3.1la) [UA ~ ~+~) = (— l)~q x(a)
a. f3. OEEp+q

~ A V(~Z0ia+ ~ +

The foregoing definitions now imply the following structure.The operatorsd,

resp.p, s, are of grade (1,0), resp.(0, 1):

(3.12) ~ c4\4P + l)a ~ = s/Ar c/Ar + 1)

henceci, ~, s,~ are of totalgrade 1:

(3.13) d”/A1, ~ ~ ~ ‘~i’ L~’~i c In+ ~

whilst r(s) andp(g) are of gradezero:

(3.14) r(s)/Ar, ~(g)/A~c8~t~.

d and 5 arecommutingcoboundaryoperators:

(3.15) d
2=S2=d~—6d=0,

hence

(3.16) s2=ds+sd=0

(3.17) ~20

d ands (andhenceA) are gradedderivations(w.rt. the total gradingn) for both

products/Aand [IA]: for UE ‘~l’ VE “l7~I

(3.18) d(UAV)=dUAV+(—l)’5U/AdV

(9) A r.h.s.of (3.10),(3.11) denotesthewedgeproductof 4*~
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(3.19) s(UAV)=sUAV+(—l~’UAsV

(3.20) d[UAV]=[dUA.V]+(—1)”[UAdV]

(3.21) s[UA V] = [sUA V] + (— 1Y’[UI’~sV]

The r(s), S E G, and p(g), g E (5, commute with d and & (thuswith s and~), and

with both products I~and [A]:

(3.22) r(s)d — dr(s) = 0 = r(s)& — &r(s) ,SE G

(3.23) p(g)d — dp(g) = 0 = p(g)6 — &p(g) ,gE(5

and,for U, yE */A

(3.24) r(s){UA V}= r(s)UAr(s)V
,sEG

(3.25) r(s)[LJA V] = [r(s)UJ\r(s)V]

(3.26) p(g){UAV}=p(g)UAp(g)V
,gE(5

(3.27) p(g)[UA V]= [p(g)UAp(g)V].

TheproductA is associative:

(3.28) (UAV)AW=UA(VAW),U,VE*A1

whilst the product [A] has the graded Lie algebra properties: we have, for
UE

3’A
1, VEm/A1,WE’~A1:

[VA U]=—(— l~’
m[UA V]

(3.29)

(_l)l~1EUA[V/Aw]]+(_l)ml[VA[WI\uI÷(_lr[WAwAV]i=o

The product [/s,] is in fact obtainedasagradedcommutatorw.r.t. A:
UE’~A,

(3.30) [UAV]=UAV—(—l)~VAU,

VE tmA

The last fact follows immediately from (3.10), (3.11). For the proof of the

other claims, we refer to section 3 of [1], whose proofs transposeverbatim
from/A”° to/APa, effecting the replacements; L -+ M~and IR —~ C.

The facts (3.12) through (3.29) can be subsumed as follows: we have that
(i) (/A~’,d, &) is a doublecomplexwith total complex(*/Al, A)

(ii) (*At, A, A) is an associativeGDA; and r, resp.p. are mutually commuta-
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tive representationsof the groups G, resp.(5, by zero-gradeautomorphism of

this GDA (10).

(iii) ~ A, [A]) is a DGL, with r, resp.p, mutually commutingrepresenta-
tions of the groups G, resp. (5, by zero-gradeautomorphismsthis DGL (10).

Settingnow

A~= Aa(.~A~(P,Mr)) = A~(P,M~)®
(3.3 1)

A~*= ~ *A =o’1A

wehavethat

(3.32) A~= {UEAr;r(s)U= U for all 5EG},

hencethe foregoingresultsimply that

(iv) (A~’*,d, ~) is a p-invariantsub-complexof the double complex (/A~*,
d, ~);

(v) (*A
1, A, A) is a p-invariant sub-GDA of (*/A~,A, A) (10).

(vi) (*A, A, [A]) is a p-invariantsub-DGLof(*/A1, A, [A]) (10).

4. DIFFERENTIAL FORMSON (5WITH VALUES IN A*(P, M~)

We denoteby

(4.1) A*((5,A*(P,M)= o A~((5,AP(F,M))
p,’~

the set of smooth differential forms on (5 with values in A*(P, M~): a is again

the <<ghost number>> and p the order of the form. The total grade n is again

definedby (11)

(4.2) ‘
1A((5, A*(F, M )) = ® A~((5,AP(P, M )).

V ~ V

On A*((5, A*(P, M)) we define as follows the operatorsd, &, s andA: for SE
A~((5,AP(P,Mu)), h E(5, Z

1 E 77 tangent vectors to (5 at h, and E X((5)

smoothvectorfields on(5, i = 1 a, we set

(4.3) {dS}(h;Z1,..., Z,~)= d{5(h;Z1, . . - ,Z5 Z)}

(10) This alsoholdsseparatelywith the replacementsA = d andA = s.

(11) Coincidenceof the notation d, ~5,s, ~, [A] with previously introducednotation is
intentional.Thereasonfor thiswill appearin thenext section.
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(4.4) {bS}(~1, . .., = (— l)~n1{S(n0,.. - ~,, - . . ,

+ ~

(4.5)

and

(4.6) A=d+s.

We equip A*((5, A*(P, Mr)) with the two following products A and [Al: for

elements S, T of respective degrees of form p, q, and ghost numbers a, (3, we
set,for17~EX((5),i=0,.. ,a+j3

(4.7) (SA fl(n1 ~) = (— l)~ — — x(o)
a. (3.

S(ri01 ,i) A Tn01~~~ -

and

11

(4.8) [SAT](~ ,n~~)=(—l)°”—i- —i- ~ x(c)a. (3.

~ - . , n,~)A T(n~1~+ ~ - . , +

We define an action r of G and actions p1, p,, of (5 on A*((5, A*(P, M~)as

follows: for Sand the as above, we set (12):

(4.9) {r(s)S}(g;Z1 ,.., Z~)= r(s){S(g;Z1, . . . , Z0)}, SEG

~p1(g)S(~1,...,~0)(h)=p(g){S(g’fl1,...~g’flQ)(g
1h)}

(4.10)

= p(g){S(n, g,...,n~g}(hg)

(hereg ~ resp. i~g,gE(5, r~E X((5) are the smooth fields on (5 givenby

(12) r(s), 5EG,and p(g), gEcc, havebeendefined on A*(P,M~)in (2.8),(2.9) and for
g,hE’E~.
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(g ~)h = g ~gh = (Lg_ 1)*gh ~gh

(4.11)

(ng)~= ~Ihg~-1~=

where g I, resp.g on the r.h.s. denotethe tangentmapsto the left translation

Lg_i by g resp.the right translationRg by g in (5). p1 andp, canalsobe defined

as follows: definingp(g), gE (5, actingon SE A~((5,A*(P, Mr)) by

(4.12) {p(g)S}(h; Z1 Z~)= p(g){S(h;Z1, .., Z~)},

p(g) evidently commutes with the pull backs L’, R by the left, resp. right

translationsbyg in G, andwe have

p1(g)= p(g)L*_1 = L*_1p(g)
g g

(4.l0a) ,gE(5

p5(g)=p(g)R’ =Rp(g)

A smooth,A*(P, M~)— valueda — form S on (5 is now called left (resp.right)
p-equivariantwheneverit is a fixpoint of p1 (resp.~r~’i.e. wheneverone has,

for alig, hE G, Z1,..., Z~E77:

(4.111) S(gh;gZ1,...,gZ~)=p(g)S(h;Z1,...,Z),

resp.

(4.llr) S(hg;Z1g Z~g)=p(g’)S(h;Z1,..., Z).

The foregoingdefinitionsnow imply the following structure:

(i) (A*((5, A*(F, Mn); d, ~) is a double complex with total complex
(*A((5 A*(P, Mo), A)

(ii) (~A((5,A~(P,M), A, A) is an associativeGDA; with r, resp.p1, ~r’ mutual-
ly commutative representationsof the groups G, resp. (5, by zero-gradeauto-

morphismsof this GDA.

(iii) (~A((5,A~(P,Mr), A, [A]) is a DGL; with r, resp. ~ ~r mutually com-

muting representationsof the groups G, resp.(5, by zero-gradeautomorphisms

of this DGL.
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5. FORMULATION OF THE COHOMOLOGY IN [3] IN TERMS OF
p-EQUIVARIANT FORMSON(5

It follows from (4.111, r) that p-equivariant forms on G are determinedby

their value at the unit e of (5: indeed,making h = e in theseformulae yields:

(5.11) S(g;g~21g g~i~)= p(g)S(e,~, - . - ,

resp.

(5.lr) S(g;g~21g g&2~)= p(g~)S(e,~ ~2~)

for all g E (5, f21, ..., ~ E.~One obtains in fact in this way a bijection between
our previous set and the left, resp. right — eqüivariant differential forms
on G. Indeed,as suggestedby (5.11, r), let us assign to each UE AT*, aE IN,

the smootha— form on (5 definedby

(5.21) U
1(g;g~

1,... ,g~2)= p(g)U(~l1,..,

resp.

(5.2r) U
T(g; ~2

1g &~g)= p(g 1) U(~21,..,

forgE(5, ~L.E~ i = 1,. . . , a; or, what comesto thesame

(5.2a1) U’(g,Z1, Z~)=p(g)U(g’Z1,..,g’Z),

resp.

(5.2ar) (f(g,Z1, - . - ,Z)=p(g’)U(Z1g~, - . - ,Z0g’)

for g E (5, Z1 E TG i = 1 . thereby we get a left p-equivariant form U’,

resp. a right-equivariantform Ur: indeed,we have,for g, h E (5,Z1, -. - , Z~E

(5.31) U’(gh,gZ,) = p(gh)U((gh~’gZ,)= p(g)p(h)U(h’Z,)

= p(g)U’(h, Z.)

resp.

(5.3r) . Ur(hg, Z.g) = p(hg)~1) U(Z,g(hgY1) = p (g
1)p(h 1) U(Z,h’)

= p(g~)UT(h,Z,).

Weshall denote by l/A~”,lA~~*,rA~~*,rAt’ the imagesets

l/A~(resp.lA~)={U’;UE/A~°(resp.Ac0)
(5.4)

rft~~°(resp.rAç0) = {Ut UE/A~0(resp.Aç0).
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Thesesets reproducewithin A*((5, A*(P, M
8)) the structureof /A~ previously

describedin section 3. The maps U-+ U’ and U-÷U’ indeedintertwine, in the
following sense,the previousstructuresin sections3 and4 we have

(d U)’ = d U’

(5.5) , UE/A~

(duY=dU
T

= & U’

(5.6) UE/A~~*

(öU)T =~ou’~

hence

(sU)’=sU’

(5.7) , UE/A~,

(sU)r = — ~

and

(AU)’ = AU’

(5.8) , UE/A~,

(ALly = (6 —s)UT

further

(UA V1’ = U’ A v’

(5.9) , U, VE/A~~*,

(UA V)T = UT A yr

[UA V]’ = [U1 A V]’

(5.10) , U, VE/A~~*,

[(UA V)]T = [U’ A vri

and

(r(s) U)’ = r(s) U’

(5,11)

(r(s)U)’ = r(s)U’.
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We check theseresults.Check of (5.5): we have, for gE(5, Z1, - - - , Z0E 77,

using(3.4), (4.3) and the first equation(3.23)

(5.121) (dU)’(g;Z1 Z0) = p(g){(dU)(g’Z1, - . - ,g’Z0)}

= p(g)d{U(g’Z1,. - - ,g’Z0)}

= d{p(g)U(g’Z1, - - - ,g’Z)}

(5.l2r) (dU”)(g;Z1, - . . , Z) = p(g’){(d U)(Z1g’, - - - , Z0g’)}

= p(g’)d{U(Z1g~, - . - , Z0g’)}

=d{p(g’)U(Z1g’, -. - ,Z0g’)}

Z))

- - . ,Z).

Check of (5.6): for &2~,..,~ using (3.5), (4.4), and denoting by g~2,

resp.~Zg,~2E L, the <<fundamentalfields>>

(g~)~= h~2= (Lh)*e~Z

(5.13) ,hE(5,

(~g)~= ~Zh= (Rh)*e~l

we have(13)

(5.141) (6 U)
1(g&~

0, - . - , gfl) = p(g){& U(fZ0, - - - ,

= p(g)~~ (— l)’p(~1)U(~0,.-, , ,..,

+ ~ (_ l)~
1U([~,, ~j1’ ~ - ~j’ - -. ‘~)~

0~i<f~a

(13) g inp(g)hasto beconsideredasa dummyvariable.
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whilst

(5.151) (&U’)(gfZ
0,...,gS2)~r~(— l)’(g~2,)~U’(g~0,..,g~l, ,g~)

+ ~ ~ ,g~l)}
0’~i<j’Co

(— l)’(g~Z1)p(g) U(~Z0 ~2~)

+ (— l)’~
1U(g [g~2,,gf2

1],f20 ~ -

0~i<f~a

The first equation (5.6) then follows from the relations

(5.161) [g~2,ga’] = g[~l, £2’], £2, £2’ E2~gE(5

and (13)

(5.171) p(g)p(cZ)=(g$~2)~p(g)}, &2’E2~gE(5

the first of which is the definition of the Lie bracket of 2’, whilst the second

follows from

(5.171) p(g)p(f2)=d/dt~~0p(g)p(etn)=d/dtj~..0p(getn)

= (g~Z){p(g)}.

Analogously(13)

(5.l4r) (6 U)
T(~2

0g,- . - , £20g) = p(g’){ö U(~l0

= p(g’)~ (— 1)’p(~,)U(~20 ,-.., £2)

+ ~ (— 1)’~U([~,, £2j], £2~,. .. , ~,, £~
0 ~i ~ a

whilst
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a

(5.lSr) (&U’)(fZ0g,..., £20g)=E (— l)’(5,g)~U”(~20g,...,~2,g,...~&20g)}

+ E (— l)’~U
T([f~,g,£2

1g], £20g,...,f21g,...,~g,...,£20g)
0Ci<j’Ca

= E (— 1 )‘(f2~g){p(g ‘)} ~ 4 , £2)

+ (— l)’~/U([~,g,&21gJg’,f20,..,S2,,...,f21,...,£2)

the second equation (.~.6) resulting now from

(5.16r) [f2g, £TZ’g]= —[f2, £l’]g, £2, £2’E2~gE(5

and (13)

(5.l7r) p(g
1)p(~l)=—(~7g) p(g~) , £2E2’ gE(5

indeed,onehas

(5.l8r) p(g~)p(~2)= d/dt ~
0p(g l)p(ett~)= d/dr ~ ..0p(g_letO)

=_d/dt~~0p((et~Zgyl) ~g) p(g~~
1)

Relations (5.7) and (5.8) immediately follow from (5.6) and from the patent

fact that degreeof form, ghost number, and total grading are the same for
UE/A~~*,U’ and UT.

Check of (5.9): we have, for UE/A~, VEIAI* and £2~,-. - , ~ by

(4.7) and (3.lOa), using (2.23)

(5.19) (U’AV’)(g;g~
1,...,g~0~~)=(—1)aq x(o)a. 13. oEE~,+~

U’(g;g~201,...,g~20)AV’(g:gc.Z010÷1~...,g~2010+~~

11

~ x(a)a. 3 OEEp+q

p(g){U(~201,...,£2~~)A V(f2010 + ~ +
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andanalogously

(5.19r) (U~A VT)(g,£2
1g,...,g~+ ~g)= (— 1 )~— — x(a)

OEEp+q

U’(g;g&2~1g £200g)A V
T(g; £7~~+

1]g

11
=(_l)aq_ ~ x(a)

- OE>p+q

p(g
1){U(~2

01,...,&Z)A
1”jIl ala + ~ £2~+

=p(g_1)(UA ~i’’~a+~

=(UA V~(g;~2
1g

Check of (5:10): proof as in the precedingproofof (5.9), with the replacements:

A-~[Al, usingthe definitions (4.8)and(3.lla), and property(2.24)

The map U—* U’ (resp. U-* U
T) is an injective homorphismfor the six following

pairsof structures:

— (i) from the double complex (/A~~*,d, 6) to the double complex (A*((5,
A*(P, MV), d, 6) (resp. A*((5, A*(P, MV), d, — 6)); with range the sub-double

complex(l/A~’,d, ~5)(resp.(r/A~’,d, —6)) (14).

— (ia) from the double complex (A~~*,d, 6) to the double complex (A*((5,

A*(P, MV), d, 6) (resp. A*((5, A*(P, MV), d, — 6)); with range the sub-double
complex(lA~’,d, 6) (resp. (rA~’,d, — 6)). -

— (ii) from the associative GDA (*/Ai, A, IA) to the associativeGDA (*A((5,
A*(P, MV), A, A) (resp. (*/A((5, A*(p, M), d —s,A)); with range the sub-GDA
(l*/Ai, A, A) (resp.(r*/A

1, d —s,A)) (14), (15). -

— (iia) from the associativeGDA (*A1, A, A) to the associativeGDA (A*((5,
A*(P. M), A, A) (resp. (*A((5, A*(p, MV), d —s,A)); with range the sub-GDA
(l*A1, A, A) (resp.(r*A1, d — s, A)) (14), (15).

— (iii) from the DGL (*/Ai, A, [Al) to the DGL (*A((5, A*(P, MV), A, [A])

(resp. A*((5, A*(P, M), d —s, [A])); with range the sub-DGL (1*/A1, A, [A])

(resp. (r*/A1, d —s, [A])) (14), (15).

(14) Intertwiningtherepresentationsr of G on its domainandrange.

(15) Holds separatelyfor the contributionsd, s of ~ on the domain andrangeof U—~U’
(resp.for thecontributionsd, s of .~,on thedomain,andd, — s of d — son therangeof U -* (11’).
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— (iiia) from the DGL (*A,, A, [A]) to the DGL (*A((5, At(P, Mu), A, [A])

(resp. A*((5, A*(P, Mr), d —s, [A])); with range the sub-DGL (l*A
1, A, [A])

(resp. (r*A1, d —s, [A])) (14), (15).

6. EQUIVARIANT VERSION OF THE BRS RELATIONS

In part [1] we established the BRS-relations

sa = — do.’ —[a A w]

(6.1)

sw=—(l/2)[wAw]

where a is the one-form of any principal connection on F, and w the Maurer-

Cartan form of (5, bothconsideredas elementsof the DGL(*A1, A = d + s, [A])

(16): this was obtainedas follows: one has naturally (17) a E A~
0and interprets

w as an elementof A?’ as the identity map of2’, thusa linear map from 2’to
A°(P, L) =2’

As elementof *A
1 a and o, give rise to left (resp. right) p-equivariantforms

a
1, w1 (resp. aT, wT) on (5. Using the homomorphism[5] (iiia) — specifically
the relations (5.5), (5.7), (5.10) — (6.1) is turned into

sa1 = — dw1— [a’ A w’]

(6.11)

so.,1 = — (1/2) [w1 A w’]

resp.

sar = + dwT + [aT A

(6.lr)

sw’=+l/2[wTAw’]

We shall now rederivetheseequivariantversionsof the BRS relationswithin

A*((5, A*(P, MV)), using the analytical apparatusof section 4 (since the cor-
respondingcomputationis not merely a transcriptionof our former derivation
in [1], revealing insteadin an instructiveway the role of 6 as the exterior deti-
vative of ‘5)

(16) We recall that (*/A~,[A]) and (*A
1, [A]) areDGLs with eitherA, d, or s asderivation.

(17) A
1(P,MV)beingnaturallyembeddedinA~°asA’(P,MV) 0 14,*
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Our first task is to work out the equivariantversionsa’, w’ (resp. a’, WT)

of a and w: this is done by usingthe definitionsof section4 as explicit in the
following remarks.

Remark1. Denoteby g the identity map of’5:

(6.2) g(h)=h, gE’5,

consideredas belonging to A0(’5, A°(P,MV))as id : ‘5-~’5 = A°(P,M~) (18). We

have

(6.3) (dg)(h)=dh, hE(5

and

(6.4) (6g)(h,Z)=Z, hE(5, ZE77

with 6g E A’(G, A0(P, MV) in as muchas 77 = g2’c gA°(P, Mu).

Indeed,definitions(3.3) and (3.5) imply respectively

(6.5) (dg)(h) = d g(h) = dh, h E(5,

and

(6.6) (Sg)(g~7)(h)= (g~7)(g)(h) = d/dt J,
0g(he

t~)

= d/dt I~_ohet51= h~2.

Remark2. We have(19)

(6.71) a’=gAaAg~—dgAg~

(6.7r)

wherea EA~°in the r.h.s.(20) On theotherhand

(6.81) = ög A g’

(6.8r) wr=ghl\og.

Using the definition of the product l~,(cf. (3.lOa)),and(6.2), (6.3), the values

(‘s) Observethat g E A?°doesnotbelongto A?°.

(19) The signs ~ in (6.71, r) could be omitted on thegroundthat,sinceg,g~~ A°(~,A°(P,
MV), wedgeproductson G andP mergeinto usualmatrix productsin MV.

(20) Cf. footnote(18)
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a’(g) and aT(g) of a, aT as defined in (6.71, r) are readily found to coincide
with the r.h.s. in formulae (2.32), as should be the case since

a’(g) = p(g)a

(6.9) ,gE(5

a’(g) = p(g~)a

according to definitions (5.21, r).
On the otherhandwehave,from (4.111,r), for ZE 77, gE’5

w1(g, Z) = p(g)oi(g’Z) = p(g)(g’Z) = Zg’

(6.10)

wr(g Z) = p(g’)w(Zg’) = p(g’)(Zg’) = g~Z

whence(6.81,r), using(6.4) and (4.7).

Remark3. Writing

a’ = a~+ Y

(6.11)

aT = a~+ ~,‘

where

a~=gAaAg’

(6.12)

a~= g’ Aa Ag

and

(6.13)

~r+g—lAdg

we have

saf,=—[a~,Aw’]

(6.14)

sa~=[a,/AwT]
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and

sf3’ — dw1 — [~‘ A o.,~]

(6.15)

s~’= dwT + [~T A of].

Proof We have,using(3.19) with 4(u), theensuingfactthat

(6.16) sg~1= —g~’AsgAg = g~’A 6g Ag1

(cf. (4.5)), thefact thatsa = 0, and 4(iii),

(6.171) sa~=sgAaAg~—gAaAsg~1

= — &gAg~’AgAa Ag_i —gAa Ag~’A ogAg’

(6.l7r) sa~=s,g~1AaAg—g~1AaAsg

= g~1A &g ~ Aa Ag + g~’Aa AgAg_i A 6g
= wTAa~+a~A wr= +[a~AoY].

On the otherhand,onehas,usingalso (3.18) with 4(u):

(6.181) sc.”=—sdgAg~’+dgAsg~1

=—d6gAg’+dgAg1A6gl~g’

=—dw’—6gAg*dg?g~1—~.”Ao.”

= — do.’1 — A ~ — <.‘~A w~

= — do.’1 — [w’ A cX~’]

(6.18r) s~T=_sg_lAdg+g_iAsdg

= —g~A &g Ag_i A dg + g~’ A d6g

= of AJf + dwT + g~1Adg Ag~’A

= do.” +wTA~y +~TAwT

= + dwT + [of A of]

Proof of the BRS relations. The first lines of (6.11) now follow by addition
of the first, resp.secondlines of (6.14) and (6.15). Check of the secondlines

of (6.11), resp.(6.lr): onehassince62 = 0,
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(6.191) Sw’=S&gAg1—&gAsg~=—6gAsg~

=—6gAg~6gAg~1=—w~Ao.’

l/2[w’ Aw’]

resp.

(6.l9r) sWT=sg_1 Aog+g~’AS&g=Sg~ !~og

=g’ A&g Ag~A&g=o.,’ A~’= 1/2[o.,’ Aof].
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